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I am Giovanni Bocchi
2nd year PhD student working on applications of 
Group Equivariant Non-Expansive Operators to 
Artificial Intelligence in the direction of 
Explainability an Trustworthiness. 

Hello!
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Framework
Statistical Learning
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The Framework of  
Statistical Learning

Consider a data domain �, a labels set � and a joint 
unknown probability distribution � on � ×�.

A function ℎ:� → � is called predictor (regressor or 
classifier depending on the problem).

Undesired predictions are penalized through a loss function 
ℓ:� ×�→ℝ+

Example: ℓ(�,�) = (� −�)2
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The Framework of  
Statistical Learning

The objective is to find a predictor that minimizes the 
Statistical Risk among a certain class of predictors:

ℓ�(ℎ) = �(�,�)~�[ℓ(�,ℎ(�))]
The usual strategy is to observe an i.i.d. sample (usually 
called training set) � = (��,��)�=1� and to try to minimize 
the Empirical Risk instead

ℓ(ℎ) =
1
� �=1

�
ℓ(��, ℎ�(��)) 
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Neural Networks 
A popular class of predictors

2
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What are Neural Networks?

Feedforward NN:

�0 = �
��+1 = ��(���� +��)

�� = �

푁푁 = �� ∘ ⋯ ∘ �0
�0 = 퐼�

�� = �� ∘ (�� ⋅  + ��) 
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Depth
� = 0 � = 푁

� �
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A classical result

Theorem (Cybenko 1989)

Let C([0, 1]�,ℝ) denote the set of all continous function 
from the unit hypercube to ℝ, let � be any sigmoidal 
activation function then the finite sum of the form 

�(�) =  
�=1

푁
���(����+ ��)  

is dense in C([0, 1]�,ℝ).
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A recent result

Theorem (Lu et al. 2017)

For any Lebesgue integrable function � :ℝ� →ℝ and any 
� > 0  there exists a fully-connected ReLU network � with 
width �� ≤ �+ 4, such that the function �� represented 
by this network satisfies:

||� −��||�1 < �
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Function Approximation
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The Zoo of NN
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GNNs

RNNs

NNs
CNNs

Transformers



An animal from the Zoo: CNNs
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Feedforward NN

Discrete 
Convolution

Pooling



CNNs: Discrete Convolution
(Correlation)

13

(� ∗ �)(�, �) =  
�=−ℎ

+ℎ

 
�=−ℎ

+ℎ

�(� + �, � +�)�(�, �)



CNNs: (Max) Pooling
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[푀푎�����(�, ℎ, �)](�, �) =�푎�{�((�� + 1) + �, (�� + 1) +�):  �,� ∈ {0, . . . , ℎ − 1}}



What CNNs can do
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“

The pooling operation used in 
convolutional neural networks is 
a big mistake, and the fact that it 

works so well is a disaster.
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Geoffrey Hinton



Deep Learning’s 
Issues
Not all that glitters is gold

3
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Mathematicians: 

Mathematicians versus CNN
Round 1

Mathematicians: 
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CNN: African Elephant (81.69%) CNN: Arabian Camel (88.60%) 



Mathematicians: 

Mathematicians versus CNN 
Round 2

Mathematicians: 
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CNN: African Elephant (81.69%) CNN: LLama (31.64%) 
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CNNs (like other 
architectures) have  
problems:

◉ Unstable

◉ Non Equivariant

◉ Hackable



Computer Scientist’s solution
to second problem
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Data
Augmentation

(��,��)

(��1,��)
(��2,��)

(���−1,��)
(���,��)

Huge 
Computational 

Costs



Good

Convolution is by definition 
translation equivariant:

(� ∘ �) ∗ � =  (� ∗ �) ∘ �

Convolution Pros and Cons

(Usually) Bad

Translations is the largest 
group of transformations for 
which this happens:

(� ∘ �) ∗ � ≠  (� ∗ �) ∘ �
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GENEOs
A possible solution

4
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GENEOs definition

Consider two spaces of functions defined on two 
topological spaces � and �

� = {�:� → ℝ}
� = {�:� → ℝ}

Then consider the group ����(�) of all the 
homeomophisms of �  that preserve �: those 
� ∈ ���(�) such that � ∘ � ∈ � for all � ∈ �.
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GENEOs definition

Then chose a subgroup � of ����(�). Repeat  for � 
subgroup of ����(�). Finally fix a homomorphism 
�:� →�.
Definition (GENEOs)

A Group Equivariant Non-Expansive Operator � between 
(�,�) and (�,�) wrt to � is a map �:� → � with the 
following two properties: 

◉ Equivariance: �(� ∘ �) = �(�) ∘ �(�) ∀�, ∀� 

◉ Non-Expansivity: ||�(�1) −�(�2)||∞ ≤ || �1 −�2||∞ 
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Example

� = � = ℝ2
� = � = �∞(ℝ2)

� = � = {��(�) = � −� }
� = 퐼��

� ∈ {ℎ ∈ �1(ℝ2): ||ℎ||�1 = 1}

Then the convolution operator �(�) = � ∗ � is a GENEO 
equivariant w.r.t. to planar translations.
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Perspective

Exploit these (and others properties of GENEOs) to define a 
different kind of “Neural” Networks with broader properties 
of Equivariace and more robust to noise.
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Takehome message
Neural Networks and DeepLearning are the state of 
the art in Artificial Intelligence. However, they are 
not perfect and far from beeing fully understood. 
Moreover mathematics can help mitigate some of 

the problems.
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Any questions ?
You can reach me at
◉ giovanni.bocchi1@unimi.it

Thanks!
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